The single-layer black phosphorus is characteristic for its puckered configuration that possesses the hinge-like mechanism, which leads to the highly anisotropic in-plane Poisson's ratios and the negative out-of-plane Poisson's ratio. We reveal that the hinge-like mechanism can be attributed to the angle-angle cross interaction, which, combined with the bond stretching and angle bending interactions, is able to provide a good description of the mechanical properties in the single-layer black phosphorus. We also propose a nonlinear angle-angle cross interaction, which follows the form of the Stillinger-Weber potential and is advantageous for molecular dynamics simulations of single-layer black phosphorous under large deformations. PACS numbers: 78.20.Bh, 
I. INTRODUCTION
The single-layer black phosphorus (SLBP) has anisotropic properties in the two in-plane directions due to its puckered atomic configuration shown in Fig. 1 , in which the x and y axes are set in the directions perpendicular or parallel to the pucker. The Young's modulus in the y-direction is about four times larger than the Young's modulus in the x-direction. [1] [2] [3] [4] The puckered configuration brings an interesting hinge-like mechanism for the SLBP; i.e., tension along the y-direction will generate a strong contraction in the x-direction. As a direct result of this hinge-like mechanism, the Poisson's ratio ν xy is much smaller than ν yx . [4] [5] [6] Interestingly enough, the Poisson's ratio ν yz is negative owning to the hinge-like mechanism. 3, 5, 6 We note that the Poisson's ratio ν xy = −ǫ y /ǫ x is corresponding to the tension of the SLBP along the x-direction, where ǫ x and ǫ y are the applied and resultant strains, respectively.
The hinge-like mechanism in SLBP has been discussed in terms of the structure deformation within first-principles calculations. 3, 5 Different from first-principles calculations, empirical potentials can provide intuitive explanations for physical or mechanical phenomena. In 1982, a valence force field (VFF) model was proposed to describe the interaction for SLBP under small linear deformations. 7 In a recent work, we suggested to simplify the VFF model by keeping major potential terms, and this simplified VFF model was used to derive parameters for the Stillinger-Weber (SW) potential. 8 However, there is still no explicit empirical potential term to describe the hinge-like mechanism in the SLBP. That is both in-plane Poisson's ratios (ν xy and ν yx ) calculated from these empirical potentials (including the VFF model, the simplified VFF model, and the SW potential) are much smaller than the value computed by the first-principles calculations. 9 Furthermore, the negative out-of-plane Poisson's ratio obtained from first-principles calculations can not be reproduced by these three empirical potentials.
In this paper, we investigate the origin of the hinge-like mechanism in the SLBP, which results in the strong anisotropy of in-plane Poisson's ratios and the negativity of the out-ofplane Poisson's ratio. We find that the hinge-like mechanism can be captured by the angleangle cross (AAC) interaction. The AAC interaction combined with the bond stretching and angle bending interactions, can provide a well description for mechanical properties of SLBP.
Finally, we propose a nonlinear AAC potential following the form of the SW potential, which is advantageous for molecular dynamics simulations of SLBP under large deformations. 
II. STRUCTURE
The structure for SLBP shown in Fig. 1 
where K r and K θ are force constant parameters. The V r term is the potential that captures 
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The first four terms in the original VFF model govern the bond stretching and the angle bending motion styles in the SLBP. The last five terms in the original VFF model correspond to the cross interactions between bonds and angles. The bond stretching and angle bending are typical motion styles, so we suggest to simplify the original VFF model by keeping only the first four terms, while the last five terms are ignored. We make a further simplification by using the same force constant for the first two terms in the VFF model, considering that these two bonds d 1 and d 2 have almost the same length. Parameters for this simplified VFF model are shown in the last column in Tab. I. We used this simplified VFF model in our previous work, 8 in which all force constant parameters are rescaled by the same factor of 0.76. We do not perform such rescaling in the present work. 
. The three-body potential expression is
The quantity tol in the last column is a controlling parameter in LAMMPS. P1 indicates atoms from the top group, while P2 represents atoms in the bottom group. 
IV. SW POTENTIAL
In a recent work, we proposed an analytic approach to parametrize the SW potential based on the VFF model for covalent materials. 8 There are two-body and three-body interactions in the SW potential,
where V 2 corresponds to the bond stretching and V 3 associates with the angle bending. The cut-offs r max , r max12 and r max13 are geometrically determined by the material's structure.
There are five unknown geometrical parameters, i.e., ρ and B in the two-body V 2 term and ρ 1 , ρ 2 , and θ 0 in the three-body V 3 term, and two energy parameters A and K. We obtained an analytic constraint for parameters in the SW potential,
Following this parameterization procedure, we can utilize the simplified VFF model in the last column in Tab. I to derive parameters for the SW potential. These SW parameters used by GULP 11 are shown in Tabs. II and III. SW potential parameters used by LAMMPS
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are listed in Tab. IV. The SW potential script for LAMMPS can be found in the appendix.
The determination of B is illustrated in Fig. 2 . The parameter B has no effect on the elastic property, such as the Young's modulus, as shown by the left top inset in Fig. 2 .
However, the parameter B has strong effect on the third order elastic constant, which can be fitted to the function D = −22.5 − 307.2B 2 . Using this relationship between the third order elastic constant and parameter B, we obtain the parameter B = 0.495d 4 corresponding to D = −91.3 GPa from the first-principles calculations. 4 We note that the relationship B = 0.495d 4 in the present work is slightly different from B = 0.584d 4 in our previous work, 8 as the parameters of the simplified VFF model are slightly different in these two works.
To obtain these stress-strain relations, we use LAMMPS to perform molecular dynamics simulations for the tension of the SLBP of dimension 26.3 × 29.8Å at 1.0 K along the x direction. Periodic boundary conditions are applied in both x and y directions. The structure is thermalized to the thermal steady state with the NPT (constant particle number, constant pressure, and constant temperature) ensemble for 100 ps by the Nosé-Hoover 13,14 approach.
After thermalization, the SLBP is stretched in one direction at a strain rate of 10 8 s −1 , and the stress in the lateral direction is allowed to be fully relaxed. We have used the inter-layer space of 5.24Å as the thickness of the SLBP in the computation of the strain energy density. It implies that the hinge-like mechanism has not been captured by the SW potential or the VFF model yet.
After carefully examining the puckered structure of the SLBP shown in Fig. 1 , we suggest the following AAC interaction to describe the hinge-like mechanism for the SLBP,
where K aac is the force constant for this interaction. It is obvious that this AAC interaction is missed in the original VFF model shown in Tab angle θ 214 , resulting in a strong contraction in the x-direction. That is the value of the in-plane Poisson's ratio ν yx will be greatly increased by adding the AAC interaction. This effect for the AAC interaction actually actuates the hinge-like mechanism of the puckered structure in the SLBP. Due to this hinge-like mechanism, the out-of-plane Poisson's ratio ν yz can turn to negative after the AAC interaction is strong enough.
The AAC interaction has been included in the investigation of mechanical properties for the polyethylene crystal, 16,17 the silicon nitride ceramics, 18 and the urea and melamine.
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The AAC interaction was also used in the CFF91 force field for the numerical simulations of the prion protein fragment.
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We thus suggest to describe the interaction of the SLBP by the SW potential presented in Sec. IV combined with the AAC interaction. Figs. 3 and 4 verify the effect of the AAC interaction on the Poisson's ratios in the SLBP. Fig. 3 shows that the in-plane Poisson's ratio ν yx increases almost linearly with increasing the strength of the AAC interaction, while the Poisson's ratio ν xz is almost not affected. Fig. 4 shows that the other in-plane Poisson's ratio ν xy also increases linearly with increasing the strength of the AAC interaction. It is quite interesting that the out-of-plane Poisson's ratio ν yz decreases with increasing the strength of the AAC interaction, and ν yz becomes negative for K aac > 1.5 eV.
The Poisson's ratio and the Young's modulus presented in this section are computed using the GULP package, 11 in which the AAC interaction in Eq. (6) has been implemented. The The effects of the AAC interaction on mechanical properties in the SLBP. The interaction of the SLBP is described by the SW potential combined with the AAC interaction. These values are comparable with the above first-principles calculations. All of these four
Poisson's ratios are comparable with the above first-principles calculations. In particular, the Poisson's ratio ν yz in the out-of-plane direction is negative, and its value falls in the range for ν yz from the first-principles calculations. Fig. 5 shows the phonon dispersion for SLBP, in which the interaction is described by the SW potential combined with the AAC interaction.
The phonon dispersion for K aac = 2.0 eV is in good agreement with the first-principles calculations in the low-frequency regime. The optical branches in the high-frequency regime from the SW combined with the AAC interaction are slightly higher than the first-principles calculations.
VI. AAC-SW INTERACTION
In Sec. V, we have suggested to describe the interaction by the SW potential combined with the AAC interaction, in which the AAC interaction captures the hinge-like mechanism for the SLBP. The AAC interaction shown in Eq. (6) 
We will refer to this nonlinear AAC interaction as the AAC-SW interaction, as it follows the same mathematical format of the SW potential. That is this is essentially an angle-angle cross interaction following the same form of the SW potential. The force constant parameter K aac−sw can be determined by the linear AAC interaction in Eq. (6) . By equating Eq. (7) to Eq. (6) at the equilibrium structure, we obtain 
The AAC-SW potential proposed here is advantageous for molecular dynamical simulations under large deformations, as it naturally contains the nonliner component. The AAC-SW potential has the same effect as the AAC interaction for small linear deformations. Similar as the linear AAC interaction, the AAC-SW potential enables the hinge-like mechanism of the SLBP. It should be noted that the AAC-SW potential is also applicable to describe the hinge-like mechanism for other materials with similar puckered configuration like SnSe. The AAC-SW has not been implemented in either GULP or LAMMPS simulation packages yet.
We are currently contacting developers of both packages for possible implementations.
VII. CONCLUSION
In conclusion, we discuss the relation between the AAC interaction and the hinge-like mechanism in SLBP, which is the origin for the negative Poisson's ratio in the out-of-plane direction. The AAC interaction combined with the VFF model can provide an overall well description for mechanical properties of the SLBP. In particular, these two in-plane
Poisson's ratios are highly anisotropic and the out-of-plane Poisson's ratio is negative, which agrees with the first-principles predictions. We propose the nonlinear AAC-SW potential for molecular dynamics simulations of the SLBP under large deformations. The nonlinear AAC-SW potential will be useful in characterizing the hinge-like mechanism of SLBP and other materials with similar puckered configuration. 
